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DEFORMING STANLEY-REISNER SCHEMES
KLAUS ALTMANN AND JAN ARTHUR CHRISTOPHERSEN
Abstract. We study the deformation theory of projective Stanley-
Reisner schemes associated to combinatorial manifolds. We achieve de-
tailed descriptions of first order deformations and obstruction spaces.
Versal base spaces are given for certain Stanley-Reisner surfaces.
1. Introduction
We consider the deformation theory of projective Stanley-Reisner schemes
associated to combinatorial manifolds. This paper builds on the results of
[AC04] where we described the cotangent cohomology of Stanley-Reisner
rings for arbitrary simplicial complexes.
Smoothings of Stanley-Reisner schemes associated to combinatorial man-
ifolds yield interesting algebraic geometric varieties. For example if the
complex is a triangulated sphere then the smoothing (if possible) would
be Calabi-Yau. The Stanley-Reisner scheme of a triangulated torus would
smooth to an abelian variety. A triangulated RP2 would give an Enriques
surface. It is our hope that the results of this paper may be useful for the
study of degenerations of such special varieties.
In the surface case there will be non-algebraic deformations of these
Stanley-Reisner schemes. To separate the algebraic deformations we use
the functor Def(X,L) of deformations of the pair (X,L), X a scheme and L
an invertible sheaf on X. In Section 3 we state and prove properties of this
functor for singular schemes.
We can give a very explicit account of first order deformations and ob-
struction spaces. In the curve, surface and threefold case we are able to give
dimension formulas. This is done in Sections 4 and 5.
In the surface case we detail the non-algebraic deformations in the begin-
ning of Section 6. We conclude the paper with a description of the versal
base space of algebraic deformations for 2-dimensional combinatorial mani-
folds with vertex valencies not greater than 6.
Acknowledgments. We are grateful to Edoardo Sernesi for several discus-
sions, in particular related to the functor Def(X,L). We would also like to
thank Jan Stevens for pointing out an error in the first version. The pa-
per was finished while the second author was on sabbatical visiting Freie
Universita¨t Berlin where he received support for his stay.
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2 KLAUS ALTMANN AND JAN ARTHUR CHRISTOPHERSEN
2. Preliminaries
2.1. Simplicial complexes and combinatorial manifolds. Let [n] be
the set {0, . . . , n} and let ∆n := 2[n] be the full simplex. A simplicial
complex for us is a subset K ⊆ ∆n satisfying the face relation: f ∈ K& g ⊆
f ⇒ g ∈ K. We denote the the support of K by [K] = {i ∈ [n] | {i} ∈ K}.
For g ⊆ [n], denote by g¯ := 2g and ∂g := g¯ \ {g} the full simplex and
its boundary, respectively. The join K ∗ L of two complexes K and L is the
complex defined by
K ∗ L := {f ∨ g : f ∈ K, g ∈ L}
where ∨ means the disjoint union. If f ∈ K is a face, we may define
• the link of f in K; lk(f,K) := {g ∈ K : g ∩ f = ∅ and g ∪ f ∈ K},
• the open star of f in K; st(f,K) := {g ∈ K : f ⊆ g}, and
• the closed star of f in K; st(f,K) := {g ∈ K : g ∪ f ∈ K}.
Notice that the closed star is the subcomplex st(f,K) = f¯ ∗ lk(f,K). The
geometric realization of K, denoted |K|, is defined as
|K| = {α : [n]→ [0, 1]|{i|α(i) 6= 0} ∈ K and ∑i α(i) = 1} .
To every non-empty f ∈ K, one assigns the relatively open simplex 〈f〉 ⊆ |K|;
〈f〉 = {α ∈ |K| |α(i) 6= 0 if and only if i ∈ f} .
On the other hand, each subset Y ⊆ K, i.e. Y is not necessarily a subcom-
plex, determines a topological space
〈Y 〉 :=
{⋃
f∈Y 〈f〉 if ∅ 6∈ Y ,
cone
(⋃
f∈Y 〈f〉
)
if ∅ ∈ Y .
In particular, 〈K \ {∅}〉 = |K| and 〈K〉 = | cone(K)| where cone(K) is the
simplicial complex ∆0 ∗ K.
If f is an r-dimensional face of K, define the valency of f , ν(f), to be
the number of (r+ 1)-dimensional faces containing f . Thus ν(f) equals the
number of vertices in lk(f,K).
In this paper we are mostly interested in combinatorial manifolds. We
refer to [Hud69] for definitions and results in PL topology. A combinatorial
n-sphere is a simplicial complex K such that |K| is PL-homeomorphic to
|∂∆n+1|. A simplicial complex K is a combinatorial n-manifold if for all
non-empty faces f ∈ K, | lk(f,K)| is a combinatorial sphere of dimension
n−dim f−1. If we also allow | lk(f,K)| to be a ball of dimension n−dim f−1,
then K is called a combinatorial manifold with boundary. In this case we
denote the boundary ∂K = {f ∈ K | | lk(f,K)| is a ball}. In dimensions
less than four all triangulations of topological manifolds are combinatorial
manifolds (see e.g. [Hud69]). In this paper we call K a manifold if it is a
combinatorial manifold without boundary.
We will need notation for some special manifolds. Write ΣK for the
suspension of a complex K. Let En be the boundary of the n-gon; i.e. |En| ≈
S1. Let Cn be the chain of n 1-simplices; i.e. |Cn| ≈ B1. Let ∂C(n, 3) =
DEFORMING STANLEY-REISNER SCHEMES 3
∂41∗Cn−3∪∂Cn−3∗41 be the boundary of the 3-dimensional cyclic polytope
(see [Gru¨03, 4.7]). If [41] = {0, n − 1} and [Cn−3] = {1, 2, . . . , n − 2} then
the facets of ∂C(n, 3) are
{0, 2, n− 1}, {0, n− 2, n− 1}, {0, 2, 3}, {0, 3, 4}, . . . , {0, n− 3, n− 2},
{2, 3, n− 1}, {3, 4, n− 1}, . . . , {n− 3, n− 2, n− 1}.
A drawing of this complex for n = 7 may be found in Section 5.
2.2. Stanley-Reisner schemes. Let P = k[x0, . . . , xn] be the polynomial
ring in n + 1 variables over an algebraically closed field field k. If a =
{i1, . . . , ik} ∈ ∆n, we write xa ∈ P for the square free monomial xi1 · · ·xik .
If a = (a0, . . . , an) ∈ Zn+1, set xa ∈ P to be the monomial xa00 · · ·xann .
The support of a is defined as a := {i ∈ [n] |ai 6= 0}. We will throughout
write c = a − b for the decomposition of c in its positive and negative
part, i.e., a,b ∈ Nn+1 with both elements having disjoint supports a and b,
respectively.
A simplicial complex K ⊆ ∆n gives rise to an ideal
IK := 〈xp | p ∈ ∆n \ K〉 ⊆ P.
The Stanley-Reisner ring is then AK = P/IK. We refer to [Sta96] for more
on Stanley-Reisner rings.
We can associate the schemes A(K) = SpecAK and P(K) = ProjAK with
these rings. The latter looks like |K| – its simplices have just been replaced
by projective spaces. If f is a subset of [n], let D+(xf ) ⊆ P(K) be the chart
corresponding to homogeneous localization of AK by the powers of xf . Then
D+(xf ) is empty unless f ∈ K and if f ∈ K then
D+(xf ) = A(lk(f,K))× (k∗)dim f .
We will need the following result of Hochster as stated in [Sta96, Proof
of Theorem 4.1].
Theorem 2.1. Let m be the irrelevant maximal ideal in the multi-graded
ring k[x0, . . . xn]. Let H im(AK)c be a multi-graded piece of the local cohomol-
ogy module with c ∈ Zn. Then H im(AK)c = 0 unless c ≤ 0, i.e. c = 0 − b,
and b ∈ K in which case
H im(AK)c ' H˜ i−|b|−1(lk(b); k) .
Recall that by comparing the Cˇech complex of
⊕
mOProjA(m) and the
complex computing H im(A) we get
⊕
mH
i(ProjA,OProjA(m)) ' H i+1m (A)
when i ≥ 1 and an exact sequence
0→ H0m(A)→ A→
⊕
m
H0(ProjA,OProjA(m))→ H1m(A)→ 0 .
As a consequence we get
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Theorem 2.2. If K is a simplicial complex then
Hp(P(K),OP(K)) ' Hp(K; k)
and if m ≥ 1
Hp(P(K),OP(K)(m)) =
{
(AK)m if p = 0
0 if p ≥ 1
2.3. The cotangent spaces and sheaves. For standard definitions and
results in deformation theory of schemes we refer to [Ser06]. To fix nota-
tion we recall that for an S-algebra A and an A-module M there exist the
cotangent modules T iA/S(M). We write T
i
A when S = k and M = A. The
module T 0A = Derk(A,A) consists of the infinitesimal automorphisms of A,
T 1A ' DefSpecA(k[]) is the space of first order deformations of SpecA and
T 2A contains the obstructions for lifting deformations.
If Y is a scheme we may globalize these modules. (See for example [And74,
Appendice] and [Lau79, 3.2].) Let S be a sheaf of rings on Y , A an S algebra
and F an A module. We get the cotangent cohomology sheaves T iA/S(F) as
the sheaves associated to the presheaves U 7→ T i(A(U)/S(U);F(U)).
There are also the groups T iA/S(F) - the hyper-cohomology of the cotan-
gent complex on Y . If A = F = OY and S = k, then (abbreviating as
above) the T iY play the same role in the deformation theory of Y as in the
local case. There is a “local-global” spectral sequence
Ep,q2 = H
p(Y, T qY )⇒ T p+qY
which relates the local and global deformations. In particular first order
automorphisms are described as T 0Y = H
0(Y,ΘY ) and there is an exact
sequence
0→ H1(Y, T 0Y )→ T 1Y → H0(Y, T 1Y )→ H2(Y, T 0Y ) .
All three groups H0(Y, T 2Y ), H1(Y, T 1Y ) and H2(Y, T 0Y ) contribute to the
obstructions.
3. The functor Def(X,L)
Let X be a scheme over an algebraically closed field k and L an invertible
sheaf on X. Let A be an object in the category A of local artinian k-algebras
with residue field k. We recall the definition of the functor Def(X,L) of
infinitesimal deformations of the pair (X,L) in [Ser06, 3.3.3] and generalize
its properties to singular schemes.
An infinitesimal deformation of the pair (X,L) over A is a deformation
X → Spec(A) with an invertible sheaf L on X such that L|X = L. Two
such deformations (X ,L) and (X ′,L′) are isomorphic if there is an isomor-
phism of deformations f : X → X ′ and an isomorphism L → f∗L′. Let
Def(X,L) : A → (sets) denote the corresponding functor of Artin rings. We
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define Def ′(X,L) to be the subfunctor of deformations of the pair where the
deformation of X is locally trivial.
For any scheme there is a natural map O∗X → Ω1X defined locally by
u 7→ du
u
.
Let c : H1(X,O∗X)→ H1(X,Ω1X) be the induced map in cohomology. Now
H1(X,Ω1X) ' Ext1(OX ,Ω1X), so c(L) gives us an extension
eL : 0→ Ω1X → QL → OX → 0 .
In the smooth case PL = QL⊗OX L is known as the sheaf of principle parts
of L.
Set EL := Q∨L and note that the dual sequence
0→ OX → EL → ΘX → 0
is also exact. In the smooth case this is known as the Atiyah extension
associated to L.
We generalize [Ser06, Theorem 3.3.11].
Theorem 3.1. Let X be a reduced projective scheme and L an invertible
sheaf on X. Then:
(i) The functor Def(X,L) has a hull.
(ii) There are isomorphisms Def(X,L)(k[]) ' Ext1OX (QL,OX) and
Def ′(X,L)(k[]) ' H1(X, EL) and an exact sequence of k-vector spaces
0→ H1(X, EL)→ Ext1OX (QL,OX)→ H0(X, T 1X)→ H2(X, EL) .
(iii) The obstructions for Def(X,L) lie in H0(X, T 2X), H1(X, T 1X) and
H2(X, EL).
(iv) Given a first-order deformation of X with isomorphism class ξ ∈
Ext1(Ω1X ,OX), there is a first-order deformation of L along ξ if and
only if in the Yoneda product
Ext1(Ω1X ,OX)× Ext1(OX ,Ω1X)→ Ext2(OX ,OX) = H2(X,OX)
we have ξ · c(L) = 0.
(v) If L is very ample and H1(X,L) = 0 then any formal deformation
of the pair (X,L) is effective.
Remark. It follows from (i) and (v) and a theorem of Artin ([Ser06, Theorem
2.5.14]) that under the conditions in (v), Def(X,L) has an algebraic versal
deformation.
Proof. In the proof of [Ser06, Theorem 3.3.11] the Schlessinger conditions
are checked for Def(X,L) in the case X is nonsingular, but nowhere is the
assumption nonsingular needed.
For the remainder of the proof choose an affine cover {Ui} of X. Let L
be represented by a Cˇech cocycle (fij), fij ∈ Γ(Uij ,O∗X).
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(ii) We will define a map Φ : Def(X,L)(k[]) → Ext1OX (QL,OX). Recall
first the isomorphism DefX(k[])→ Ext1OX (Ω1X ,OX) in the reduced case. IfX → Spec(k[]) is a first-order deformation, then the cotangent sequence for
k → OX → OX becomes the exact sequence
0→ OX → Ω1X ⊗k[] k → Ω1X → 0
and the class of this extension in Ext1OX (Ω
1
X ,OX) is the image of the iso-
morphism class of X .
If (X ,L) represents a first-order deformation we may construct an exten-
sion eL:
0→ Ω1X → QL → OX → 0
and a commutative diagram of exact sequences
0 −−−−→ Ω1X ⊗k[] k −−−−→ QL ⊗k[] k −−−−→ OX −−−−→ 0yα yβ y=
0 −−−−→ Ω1X −−−−→ QL −−−−→ OX −−−−→ 0
with surjective vertical maps. Thus ker(β) ' ker(α) ' OX . This yields an
exact sequence
0→ OX → QL ⊗k[] k → QL → 0
defining Φ.
To describe Φ−1 we look again at why Ext1OX (Ω
1
X ,OX) ' DefX(k[]). If
0→ OX → A p→ Ω1X → 0
defines an element of Ext1OX (Ω
1
X ,OX), then construct the first-order defor-
mation with structure sheaf OX := A ×Ω1X OX , where the fibre product is
with respect to p and the universal derivation d : OX → Ω1X . One can then
show that A ' Ω1X ⊗k[] k.
Over an open U ⊂ X, OX is the k[] algebra {f+a : (a, f) ∈ Γ(U,A×Ω1XOX)}. Note that the units Γ(U,O∗X ) = {f+a ∈ Γ(U,OX ) : f ∈ Γ(U,O∗X)}.
Now let
0→ OX → B q→ QL → 0
define an element of Ext1OX (QL,OX). From the extension eL we have a map
α : Ω1X → QL and we may construct the pullback extension by α. Let the
middle term in this extension be A = B ×QL Ω1X . We get a commutative
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diagram with exact rows and columns:
(3.1)
0 0y y
0 −−−−→ OX −−−−→ A p−−−−→ Ω1X −−−−→ 0y= y yα
0 −−−−→ OX −−−−→ B q−−−−→ QL −−−−→ 0y y
OX =−−−−→ OXy y
0 0
where the right column is eL and the the first row defines a first order
deformation OX as above .
To create L we need a cocycle (Fij), Fij ∈ Γ(Uij ,O∗X ) lifting the (fij).
That means Fij = fij + aij , aij ∈ Γ(Uij ,A) with p(aij) = dfij . The cocycle
condition FijFjk = Fik may be computed to be equivalent to
aij
fij
+
ajk
fjk
=
aik
fik
.
Thus bij = aij/fij defines a class in H1(X,A) and
p(bij) =
dfij
fij
= [eL] ∈ H1(X,Ω1X) .
So to construct L we need to find a class in p−1(eL) ⊆ H1(X,A). A
diagram chase shows that eL is the pushout of the middle column of the
diagram 3.1 by p. Thus the extension class of
0→ A→ B → OX → 0
in H1(X,A) give us the wanted class. To be precise this class is δ(1) where
δ : H0(OX) → H1(A) is induced from the exact sequence. This also shows
that this extension is eL ⊗ k so we have defined Φ−1.
The local-global spectral sequence for Ext yields a four-term exact se-
quence
0→ H1(X, EL)→ Ext1OX (QL,OX)
→ H0(X,Ext1OX (QL,OX))→ H2(X, EL)
which is almost what we want. Apply Ext(−,OX) to eL to get
Ext1OX (QL,OX) ' Ext1OX (Ω1X ,OX) ' T 1X .
This proves the existence of the exact sequence in (ii).
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(iii) Consider a small extension
0→ (t)→ A′ → A→ 0
of local artinian k-algebras and let (X ,L) be a deformation over A. The
obstructions in the two first spaces are well known. If they vanish we are in
the following situation:
(a) On each Ui we have deformations (Ui,O′i) → Spec(A′) of the
affine schemes (Ui,OX |Ui) lifting (Ui,OX |Ui).
(b) On each Uij we have isomorphisms φij : O′i|Uij → O′j |Uij lifting
the identity on OX |Uij . Here φji = φ−1ij .
We need to prove that both the obstruction for gluing the O′i and the ob-
struction for lifting L lie in H2(EL).
We have φjiφkjφik = idOX +tDijk where Dijk is a Cˇech 2-cocycle of ΘX .
This cycle represents the obstruction for gluing the O′i. We may assume L
is given by Fij ∈ Γ(Uij ,O∗X ) satisfying the cocycle condition FijFjk = Fik.
Choose F ′ij ∈ Γ(Uij , (O′i)∗) with φij(F ′ij) = F ′ji lifting the Fij . Thus
F ′ijφji(F
′
jk)(F
′
ik)
−1 = 1 + tgijk
for some gijk ∈ Γ(Uijk,OX).
Since eL is locally split we may write EL locally on Ui as OUi ⊕ΘUi . The
gluing is determined (dually) by the extension class in H1(Ω1X); (gi, Di) ∈
Γ(Ui, EL) and (gj , Dj) ∈ Γ(Uj , EL) are equal on Uij iff Di = Dj and gj−gi =
Di(fij)/fij . Now copy the proof of [Ser06, Theorem 3.3.11 (ii)] to show that
(gijk, Dijk) represents the obstruction in EL.
(iv) This follows from considering commutative diagrams like 3.1.
(v) This follows from a theorem of Grothendieck, [Ser06, Theorem 2.5.13],
and the proof of [Ser06, Theorem 2.5.13]). 
4. T 1AK and T
2
AK for manifolds
We recall the description in [AC04] of the multi-graded pieces of T iAK for
any complex K. We will often denote T ic(K) := T 1AK,c for c ∈ Zn+1. If
b ⊆ [n] let
Ub = Ub(K) := {f ∈ K : f ∪ b 6∈ K}
and
U˜b = U˜b(K) := {f ∈ K : (f ∪ b) \ {v} 6∈ K for some v ∈ b} ⊆ Ub .
Notice that Ub = U˜b = K unless ∂b is a subcomplex of K. Moreover, if
∂b ⊆ K, then with Lb :=
⋂
b′⊂b lk(b
′,K) we have
K \ Ub =
{
∅
st(b)
and K \ U˜b =
{
∂b ∗ Lb if b is a non-face,
(∂b ∗ Lb) ∪ st(b) if b is a face.
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Theorem 4.1. ([AC04, Theorem 13]) The homogeneous pieces in degree
c = a − b (with disjoint supports a and b) of the cotangent cohomology of
the Stanley-Reisner ring AK vanish unless a ∈ K, b ∈ {0, 1}n+1, b ⊆ [lk(a)]
and b 6= ∅. If these conditions are satisfied, we have isomorphisms
T ic(K) ' H i−1
(〈Ub(lk(a,K))〉, 〈U˜b(lk(a,K))〉, C) for i = 1, 2
unless b consists of a single vertex. If b consists of only one vertex, then the
above formulae become true if we use the reduced cohomology instead.
Since T ic(K) depends only on the supports a and b we will often denote it
T ia−b(K). We will now apply the result to combinatorial manifolds. We may
reduce the computation to the a = ∅ case by
Proposition 4.2. ([AC04, Proposition 11]) If b ⊆ [lk(a)], then the map
f 7→ f \ a induces isomorphisms T i∅−b(lk(a,K)) ' T ia−b(K) for i = 1, 2.
Lemma 4.3. If K is a manifold and b 6= ∅, then Ub(K) is never empty and
〈Ub(K)〉 is connected. Thus
dimk T 1∅−b(K) =
{
1 if U˜b(K) = ∅ and |b| ≥ 2,
0 otherwise .
Proof. Set U := Ub(K). If b 6∈ K, then ∅ ∈ U . Thus U is non-empty and 〈U〉
is a cone, so connected. If b ∈ K and U = ∅, then K = st(b); i.e. a ball. This
contradicts K being without boundary. If b ∈ K then |K| \ 〈U〉 = |st(b)|, in
particular contractible. Since K is a manifold, 〈U〉 is connected. 
Remark. One can use the results of [AC04] to compute the T i also when K
has boundary. In this case though the Ub may not be connected if b is a face
and we do not get as nice formulae as we do in the non-boundary case.
Definition 4.4. Define B(K) to be the set of b ⊆ [K], |b| ≥ 2, with the
properties
(i) K = L ∗ ∂b where |L| is a (n− |b|+ 1)-sphere if b 6∈ K,
(ii) K = L ∗ ∂b ∪ ∂L ∗ b¯ where |L| is a (n− |b|+ 1)-ball if b ∈ K.
Note that if K is not a sphere, then B(K) = ∅.
Lemma 4.5. If K is an n-manifold and |b| ≥ 2 then U˜b(K) = ∅ iff b ∈ B(K).
Proof. If b /∈ K then U˜b(K) = ∅ means that K = Lb ∗ ∂b. If F is a facet
of ∂b, then Lb = lk(F,K) is a sphere. If b ∈ K then U˜b(K) = ∅ means
that K = (Lb ∗ ∂b) ∪ st(b), i.e. K \ st(b) = Lb ∗ ∂b. Now K \ st(b) is a
manifold with boundary and ∂b is in this boundary. If F is a facet of ∂b,
then Lb = lk(F,K \ st(b)) and therefore a ball. 
We may add up these results to get a description of the whole T 1AK .
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K B(K) |B(K)|
∂41 {[K]} 1
∂42 P≥2([K]) 4
E4 = K1 ∗ K2, Ki = ∂41 {[K1], [K2]} 2
∂43 P≥2([K]) 11
ΣE3 = ∂ 41 ∗∂42 B(∂41) ∪ B(∂42) 5
ΣE4 = ∂ 41 ∗E4 B(∂41) ∪ B(E4) 3
ΣEn = ∂ 41 ∗En, n ≥ 5 {[∂41]} 1
∂C(n, 3), n ≥ 6 {[∂41]} 1
Table 1. Manifolds K with dimK ≤ 2 and B(K) 6= ∅.
Theorem 4.6. If K is a manifold and c = a− b (with disjoint supports a
and b) then
dimk T 1AK,c =
{
1 if a ∈ K and b ∈ B(lk(a,K)),
0 otherwise .
A basis for T 1AK may be explicitly described: if φ ∈ T 1AK,c 6= 0 and xp ∈ IK
then φ(xp) = xaxp\b if b ⊆ p and 0 otherwise.
Proof. This follows from Lemma 4.3, Proposition 4.2 and Lemma 4.5. 
Remark. The case where b is not a face corresponds to the notion of stellar
exchange defined in [Pac91]. (See also [Vir93].) Assume K is a complex with
a non-empty face a such that lk(a,K) = ∂b ∗ L for some non-empty set b
and b is not a face of lk(a,K). We can now make a new complex Fla,b(K)
by removing st(a) = ∂b ∗ a¯ ∗ L and replacing it with ∂a ∗ b¯ ∗ L,
Fla,b(K) := (K \ (∂b ∗ a¯ ∗ L)) ∪ ∂a ∗ b¯ ∗ L .
If |b| = 1, that is if b is a new vertex, then Fla,b(K) is just the ordinary result
of starring b at a. We see from Theorem 4.6 that if a is not empty and b
is not a face, then a − b contributes to T 1 exactly when we can construct
Fla,b(K).
In dimensions 0, 1 and 2 we may classify all the manifolds with B(K) 6= ∅.
We use the notation of Section 2.1. If X is finite set, let Pn(X) ⊆ 2X be
the set of subsets Y with |Y | = n. Set P≥n(X) =
⋃
r≥n Pr(X).
Proposition 4.7. If K is a manifold and dimK ≤ 2, then B(K) 6= ∅ if and
only if K is one of the triangulations in Table 1.
We are not able to get so precise results for T 2, but for oriented manifolds
and especially spheres, T 2 is reasonably computable. Again it is enough to
compute the case a = ∅ and then use these results on lk(a) in the general
case.
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Proposition 4.8. If K is an n-manifold then T 2∅−b = 0 unless ∂b ⊂ K. If
∂b ⊂ K and Lb = ∩b′⊂b lk(b′,K), then T 2∅−b may be computed as follows:
(i) If b 6∈ K, then T 2∅−b ' H˜0(|K| \ |∂b ∗ Lb|, k). If |K| is a sphere,
then T 2∅−b ' H˜n−|b|(Lb, k).
(ii) If b ∈ K, then T 2∅−b ' H1(|K|\ |st(b)|, |K|\ |(∂b∗Lb)∪st(b)|, k). If
b is a vertex and K is oriented, then T 2∅−b ' H˜n−1(K, k). If |b| ≥ 2
and K is oriented, then T 2∅−b = 0 if T 1∅−b 6= 0. If T 1∅−b = 0 then there
is an exact sequence
0→ H˜n−|b|(lk(b), k)→ H˜n−|b|(Lb, k)→ T 2∅−b → 0 .
In particular dimT 2∅−b = max{dim H˜n−|b|(Lb, k)− 1, 0}.
These results are true even when the degree n−|b| = −1 with the convention
H˜−1(∅) = k. If b′ is a facet of ∂b, then H˜n−|b|(Lb) may be computed as
H˜0(lk(b′) \ Lb).
Proof. By Theorem 4.1 we have T 2∅−b isomorphic with H
1(〈Ub〉, 〈U˜b〉). If b 6∈
K, then ∅ ∈ Ub, so 〈Ub〉 is a cone. Thus H1(〈Ub〉, 〈U˜b〉) ' H˜0(|K|\|∂b∗Lb|, k).
If K is a sphere, then by Alexander duality H˜0(|K|\|∂b∗Lb|) ' H˜n−1(∂b∗Lb).
Now |∂b| is homeomorphic to S|b|−2, so |∂b ∗ L| is homeomorphic to the
(|b| − 1)-fold suspension of |L|. Thus H˜n−1(∂b ∗ Lb) ' H˜n−|b|(Lb).
If |b| = 1, then U˜b = ∅. If K is oriented then by duality T 2∅−b '
Hn−1(K, st(b)) ' H˜n−1(K).
If b ∈ K and |b| ≥ 2 use first duality to get T 2∅−b ' Hn−1(∂b ∗ Lb ∪
st(b), st(b)). Since |b| ≥ 2, if we excise st(b), we achieve an isomorphism with
Hn−1(∂b ∗ Lb, ∂b ∗ lk(b)). Again, because |b| ≥ 2, T 1∅−b ' H0(〈Ub〉, 〈U˜b〉) '
Hn(∂b ∗Lb, ∂b ∗ lk(b)). Now ∂b ∗ lk(b) is an (n− 1)-sphere, so if T 1∅−b = 0 we
get an exact sequence
0→ Hn−1(∂b ∗ lk(b))→ Hn−1(∂b ∗ Lb)→ T 2∅−b → 0 .
The suspension argument gives the exact sequence in the statement.
If T 1∅−b 6= 0, then K = ∂b ∗ Lb ∪ st(b) by Lemma 4.5. In particular Lb =
lk(b′) ≈ Sn−|b|+1 for all maximal b′ ⊂ b and (∂b∗Lb∪st(b), st(b)) ≈ (Sn, Bn).
The last statement follows from Alexander duality on the (n − |b| + 1)-
sphere lk(b′). 
Remark. For 2-dimensional spheres an analysis yields the list of unobstructed
rings in [IO81, Corollary 2.5].
5. T 1P(K) and T
2
P(K) for manifolds
We recall from [AC04] the description of the derivations of AK.
Proposition 5.1. ([AC04, Corollary 10]) T 0AK =
⊕n
v=0 av ∂/∂xv where av
is the ideal of AK generated by the monomials xa with st(a,K) ⊆ st(v,K). In
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particular, T 0AK is generated, as a module, by xv ∂/∂xv if and only if every
non-maximal a ∈ K is properly contained in at least two different faces.
Certainly the criteria of the second statement is met by manifolds (with-
out boundary). We may exploit this to construct an “Euler sequence” for
P(K). Let y(i)j = xj/xi be coordinates for D+(xi) and set δ(i)j = y(i)j ∂/∂y(i)j .
By the global sections δi = xi ∂/∂xi we mean the Cˇech global sections
δi = (δ
(0)
i , . . . , δ
(i−1)
i ,−
∑
j 6=i
δ
(i)
j , δ
(i+1)
i , . . . , δ
(n)
i )
which are subject to the relation
∑n
i=0 δi = 0.
Let Si = P(st({i},K)) ⊂ P(K) where we view Si as embedded in Pn, i.e.
ISi contains all xj with {j} ∪ {i} 6∈ K.
Theorem 5.2. If K is a manifold, then there is an exact sequence of sheaves
0→ OP(K) →
n⊕
i=0
OSi → ΘP(K) → 0 .
The cohomology of ΘP(K) is given by Hp(P(K),ΘP(K)) ' Hp+1(K,C) if p ≥ 1
and the exact sequence
0→ Cn → H0(P(K),ΘP(K))→ H1(K,C)→ 0 .
Proof. By Proposition 5.1, ΘP(K) is generated by the global sections δi. This
gives a surjection OnP(K) → ΘP(K). The annihilator of δi is the ideal sheaf
associated to Annxi ⊆ AK. Clearly Annxi+ IK is the Stanley-Reisner ideal
of st({i},K).
The natural homomorphisms AK → AK/Annxi add up to an injection
AK →
⊕
AK/Annxi since every non-empty f ∈ K is in some st({i}). This
gives the exact sequence. Applying cohomology to this sequence yields the
second statement. Indeed, st({i}) is contractible so the isomorphisms follow
from Theorem 2.2. 
Let Bi = P(K \ st({i},K)) ⊂ P(K) where we view Bi as embedded in Pn,
i.e. IBi = IK + 〈xi〉.
Proposition 5.3. If K is a manifold, then in the exact sequence
0→ ΘP(K) γ→ ΘPn ⊗OP(K) → NP(K) δ→ T 1P(K) → 0
we have Ker(δ) = Coker(γ) '⊕ni=0OBi(1).
Proof. By Theorem 5.2 there is a commutative diagram of Euler sequences
with exact rows
0 −−−−→ OP(K) −−−−→
⊕n
i=0OSi −−−−→ ΘP(K) −−−−→ 0yα yβ yγ
0 −−−−→ OP(K) −−−−→
⊕n
i=0OP(K)(1) −−−−→ ΘPn ⊗OP(K) −−−−→ 0
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where α is the identity and β is induced from multiplication with the xi.
Thus the cokernel of γ equals the cokernel of β which is clearly
⊕n
i=0OBi(1).

For the local Hilbert functor DefP(K)/Pn we have the following result which
we will also need in the sequel.
Proposition 5.4. If K is a simplicial complex then
(i) H0(P(K),NP(K)/Pn) ' HomP (IK, AK)0,
(ii) T 2P(K)/Pn ' T 2AK,0 and T 2AK,0 → H0(P(K), T 2P(K)) is injective.
Proof. The first statement follows from Schlessinger’s comparison theorem,
see [PS85] or [Ser86, Theorem 9.1]. For the second statement, a close look
at Kleppe’s proof of the comparison theorem (see [Kle79, 3]) shows that if
H0m(A) = 0 and both H
1
m(A) and H
2
m(A) vanish in positive degrees, then
(T 2A)0 ' T 2ProjA/Pr . Now apply Theorem 2.1. The injectivity statement is
[AC04, Theorem 15]. 
We are now able to describe the T iP(K).
Theorem 5.5. If K is a manifold then
(i) H0(P(K), T 1P(K)) ' T 1AK,0.
(ii) H1(P(K), T 1P(K)) = 0.
(iii) There are exact sequences
0→ H1(P(K),ΘP(K))→ T 1P(K) → H0(P(K), T 1P(K))→ 0
0→ H2(P(K),ΘP(K))→ T 2P(K) → H0(P(K), T 2P(K)) .
Proof. We have H i(OBi(1)) = 0 when i ≥ 1 by Theorem 2.2, so the map
H0(NP(K)) → H0(T 1P(K)) is surjective and H i(NP(K)) ' H i(T 1P(K)) when
i ≥ 1. Since H0(NP(K)) ' HomP (IK, AK)0 by Proposition 5.4, the exact
sequence in Proposition 5.3 yields (i).
Since H1(NP(K)) ' H1(T 1P(K)) is the kernel of T 2P(K)/Pn → H0(T 2P(K)), (ii)
follows from Proposition 5.4.
The exact sequences come from the edge exact sequences of the global-
local spectral sequence for T iP(K), see e.g. [Pal76, §4]. The surjectivity in the
first sequence follows from the exactness of
T 1P(K) → H0(P(K), T 1P(K))
d2→ H2(P(K),ΘP(K)) .
By Proposition 5.3 this d2 factors through H1(
⊕n
i=0OBi(1)) = 0, so it is
the zero map. This, together with H1(P(K), T 1P(K)) = 0 yields the second
exact sequence as well. 
We may use the analysis in section 4 to find formulae for T 1 and T 2 for
low dimensional K. Let fi be the number of i-dimensional faces of K and
let f (k)i be number of i-dimensional faces with valency k.
14 KLAUS ALTMANN AND JAN ARTHUR CHRISTOPHERSEN
Theorem 5.6. If K is a 2-dimensional manifold then
dimT 1P(K) = 4f
(3)
0 + 2f
(4)
0 + f1 + h
2(K)
= f0 + 9χ(K) + h2(K) +
∑
k≥6
2(k − 5)f (k)0
h2(ΘP(K)) = 0 and dimT 2AK,0 =
∑
k≥6
1
2
k(k − 5)f (k)0 .
If dimK = 3 set
d3 = #{v ∈ K : lk(v) = ∂∆3}
e3 = #{v ∈ K : lk(v) = ΣE3}
e4 = #{v ∈ K : lk(v) = ΣE4}
e≥5 = #{v ∈ K : lk(v) = ΣEn for some n ≥ 5}
c≥6 = #{v ∈ K : lk(v) = ∂C(n, 3) for some n ≥ 6} .
Theorem 5.7. If K is a 3-dimensional manifold then
dimT 1P(K) = 11d3 + 5e3 + 3e4 + e≥5 + c≥6 + 5f
(3)
1 + 2f
(4)
1 + h
2(K) .
Proof of Theorem 5.6 and Theorem 5.7. By Theorem 5.5 and Theorem 5.2
we need only to find the contribution from T 1AK,0. The T
1
a−b that contribute
in degree 0 have 0 < |a| ≤ |b|. By Theorem 4.6, if T 1a−b 6= 0, then dimK −
dim a+ 1 ≥ |b|. We must therefore have dim a ≤ 12 dimK.
Except for the case dimK = 3, |a| = 2 and |b| = 3, there is a unique a
making |a| = |b|. In the exceptional case lk(a) equals ∂∆2 and there are two
choices for a. Thus f (3)1 contributes with 5. The formulae for dimT
1
A,0 can
now be computed from Proposition 4.7.
The second formula when dimK = 2 follows from
6χ(K) =
∑
k≥3
(6− k)f (k)0 .
The T 2 formula follows from Proposition 4.8. 
Since f1 contributes to T 1 when K is a surface, P(K) is never rigid in this
case. Things are different in dimension 3.
Corollary 5.8. If K is a 3-dimensional manifold, then P(K) is rigid if
H2(K) = 0 and all edges e have ν(e) ≥ 5.
Example 5.9. IfK is the boundary complex of the regular solid with Schla¨fli
symbol {3, 3, 5}, then P(K) is rigid in P119.
We cannot give formulas for T 2 in the 3-dimensional case, but Propo-
sition 4.8 is a useful tool for computations. We illustrate this with a 3-
dimensional example.
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Figure 1. The link of vertex {0} which is ∂C(7, 3).
Example 5.10. Consider the boundary of the 4-dimensional cyclic polytope
with 8 vertices ∂C(8, 4) (see [Gru¨03, 4.7]). There are 20 facets:
{i, i+ 1, i+ 2, i+ 3}, {i, i+ 1, i+ 3, i+ 4} for i = 0, . . . , 8
{i, i+ 1, i+ 4, i+ 5} for i = 0, . . . , 4
where addition is modulo 8. The links of the vertices are all boundaries of
the cyclic polytope C(7, 3). We draw the link of {0} in Figure 1. We will
compute T 2A∂C(8,4),0 using the statements and notation of Proposition 4.8.
In dimension 3, T 2a−b 6= 0 with |a| ≤ |b| implies that dim a ≤ 1. If a is an
edge then only the case lk(a) = E6 contributes to T 2 and the contribution
may be computed as above (see also [AC04, Example 17]). There are 8 such
edges, {i, i+ 1}, so we get 8× 3 = 24 basis elements this way.
If a is a vertex we may assume by symmetry that a = {0}, so lk(a) is
as drawn in Figure 1. We need to find the different b with the property
T 2∅−b(∂C(7, 3)) 6= 0.
Assume first b is not a face. Thus T 2∅−b = 0 if ∂b is not a sub-complex. If
∂b is a sub-complex then T 2∅−b ' H˜2−|b|(Lb, k). For |b| = 2, Lb is empty or
connected for all non-edges except {2, 5} and {3, 6} for which Lb = {1}∪{7}.
For |b| = 3, ∂b is a sub-complex for {1, 3, 7}, {1, 5, 7} and {1, 4, 7}. Only
L{1,4,7} = ∅.
Assume now b is a face. If b is a vertex then T 2∅−b ' H1(∂C(7, 3), k) = 0.
If b = {1, 7} then T 2∅−b = 0 since T 1∅−b 6= 0. For all other non-vertex faces we
have dimT 2∅−b = max{dim H˜2−|b|(Lb, k) − 1, 0}. For this to be non-zero, b
must be an edge and Lb must have 3 or more components. This happens only
for {1, 4} where Lb = {3}∪{5}∪{7} and {4, 7} where Lb = {1}∪{3}∪{5}.
Summing up we get a contribution to T 2 for a = {0} when b is {2, 5},
{3, 6},{1, 4},{4, 7} or {1, 4, 7} and in each case dimT 2a−b = 1. Thus all in all
dimT 2A∂C(8,4),0 = 24 + 8× 5 = 64.
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6. Algebraic and non-algebraic deformations of P(K)
We consider now the functor DefaP(K) := Def(P(K),L), L = OP(K)(1), of
algebraic deformations. We will keep the notation from Section 3 and 5.
Recall that Si = P(st({i},K)).
Theorem 6.1. If K is a manifold then EOP(K)(1) ' ⊕ni=0OSi, in particular
H i(EOP(K)(1)) = 0 for i ≥ 1. Thus
DefaP(K)(k[]) ' H0(P(K), T 1P(K)) ' T 1AK,0
and H0(P(K), T 2P(K)) contains all obstructions for DefaP(K).
Proof. We claim that the exact sequence in Theorem 5.2 represents the dual
of c(OP(K)(1)). Indeed, from the proof of Theorem 3.1, we see that EL is
determined by being locally OUi⊕ΘUi with gluing ; (gi, Di) ∈ Γ(Ui, EL) and
(gj , Dj) ∈ Γ(Uj , EL) are equal on Uij iff Di = Dj and gj − gi = Di(fij)/fij .
One checks that ⊕ni=0OSi satisfies this when fij = xj/xi. The rest of the
statement follows from Theorem 3.1 and Theorem 5.5 
On the other hand we may consider the functor of locally trivial defor-
mations Def ′P(K). (See e.g. [Ser06, 1.1.2].)
Proposition 6.2. If K is a manifold then
Def ′P(K)(k[]) ' H1(P(K),ΘP(K)) ' H2(K, k)
and H2(P(K),ΘP(K)) ' H3(K, k) is an obstruction space for Def ′P(K).
Proof. This follows from Theorem 5.2. 
From now on let K be a 2-manifold. If it is oriented then H2(K, k) ' k
and H3(K, k) = 0. Thus Def ′P(K) has a smooth one dimensional versal base
space. If k = C, since H1(EOP(K)(1)) = 0, the fibers will consist of non-
algebraic deformations of the compact complex space S = PC(K). We may
describe them explicitly.
Let y(i)j = xj/xi be local coordinates for Ui = D+(xi). As in Section 5
set δ(i)j = y
(i)
j ∂/∂y
(i)
j . If {i, j} is an edge set Uij = Ui ∩ Uj = D+(xixj). If
lk({i, j}) = {{k}, {l}}, then
Uij = SpecC[y
(i)
k , y
(i)
l , y
(i)
j , (y
(i)
j )
−1]/(y(i)k y
(i)
l )
(see Section 2.2) and the gluing is determined by y(i)j = xj/xi.
We wish to understand the isomorphism C ' H2(K,C) ' H1(ΘS). If σ is
any oriented 2-simplex of K, then the class of its dual σ∗ will be a generator
of H2(K,C) ' C. Assume σ = {i, j, k} with i < j < k. One may compute
that the corresponding generator of H1(ΘS) is the Cˇech cocycle
δσ = δ
(i)
k |Uij − δ(i)j |Uik + δ(j)i |Ujk .
DEFORMING STANLEY-REISNER SCHEMES 17
The corresponding one parameter versal family over ∆ = {t ∈ C | |t| < 1} is
thus achieved by changing the gluing by
y
(i)
k = (1− t)
y
(j)
k
y
(j)
i
on Uij
y
(i)
j =
1
(1− t)
y
(k)
j
y
(k)
i
on Uik
y
(j)
i = (1− t)
y
(k)
i
y
(k)
j
on Ujk
while all other identities remain the same. This defines a family of complex
spaces X→ ∆.
We may describe this family in a way that generalizes the treatment of the
tetrahedron in [Fri83]. Let Pσ ' P2 be the component of S corresponding to
σ, S′ = P(K\σ) and D = S′∩Pσ ' P(E3). Note that S′ remains unchanged
by the new gluing since δσ|S′ = 0. Of course the restriction δσ|Pσ is a
coboundary and is the image of d = −δ(i)j |Ui + δ(j)i |Uj .
By Theorem 5.2 one sees that H1(E3) contributes to H0(D,ΘD). This
corresponds to a C∗ action on D which is not induced by projective transfor-
mations of P2. Now d is a cocycle on D and it’s class in H0(ΘD) generates
H1(E3). The corresponding family of automorphisms may be defined by
φt(xi : xj : 0) = ((1− t)xi : xj : 0) on the component xk = 0 and φt = 1 on
the other two components. We may regard φt as an isomorphism
S′ ⊃ D φt' D ⊂ Pσ .
We sum up the above in
Proposition 6.3. If K is an oriented 2-dimensional manifold and S =
PC(K) then the 1-dimensional versal locally trivial deformation X→ ∆ of S
has fibers
Xt ' S′ unionsq Pσ/x ∼ φt(x) .
The fibers Xt, t 6= 0, are non-algebraic complex spaces.
We may compute DefaS when K is a 2-dimensional combinatorial manifold
and all vertices v have ν(v) ≤ 6. Let S = P(K). We start by defining a set
of coordinate functions corresponding dually to a basis for DefaS(k[]). (See
Theorem 6.1 and [AC04, Example 18].) We need
The variable ti,j = tj,i for each edge {i, j}.
The 4 variables vi, vi,j , vi,k, vi,l for each vertex {i} with ν({i}) = 3
and {j}, {k}, {l} the vertices of lk({i}).
The 2 variables ui,i1 = ui,i3 and ui,i2 = ui,i4 for each vertex {i} with
ν({i}) = 4 and {ij , ij+1} the edges of lk({i}).
Let PS be the polynomial k-algebra and PˆS the formal power series algebra
in these variables.
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For each vertex {i0} with ν({i0}) = 6, choose a cyclic ordering of the
vertices {i1}, . . . , {i6} in the hexagon lk({i0}) so that {ij , ij+1} are the edges
of lk({i0}). Let Gi0 be a set of 6 power series in PˆS ; Gi0 = {gi0,ij |j =
1, . . . , 6}. Set
G =
⋃
ν({i})=6
Gi
a set of 6f (6)0 power series. Note that we do not assume gi,j = gj,i if both
vertices have valency 6.
Let aGi0 ⊂ PˆS be the ideal generated by the 2× 2 minors of[
gi0,i1 gi0,i3 gi0,i5
gi0,i4 gi0,i6 gi0,i2
]
and define the ideal
(6.1) aG =
∑
ν({i})=6
aGi0 .
We set aS = aG if all gij = tij . Finally define the complete local k-algebra
RˆG = PˆS/aG. Denote the maximal ideal of RˆG by m.
Theorem 6.4. If K is a 2-dimensional combinatorial manifold with ν(v) ≤
6 for all vertices, then we may find G as above with
gi,j = ti,j + higher order terms
such that Spec RˆG is a formal versal base space for DefaS. If ν({i}) = 6,
{i, j} is an edge and ν({j}) ≤ 5, then we may choose gi,j = ti,j.
Example 6.5. If K is the suspension {{0}, {7}} ∗E6, then PˆS is the power
series ring in the 30 variables t0,j for j = 1, . . . , 6 , t7,j for j = 1, . . . , 6, ti,i+1
for i = 1, . . . , 6, ui,i+1 = ui,i−1 for i = 1, . . . , 6 and ui,0 = ui,7 for i = 1, . . . , 6.
The ideal aS is generated by the 2× 2 minors of[
t0,1 t0,3 t0,5
t0,4 t0,6 t0,2
]
and
[
t7,1 t7,3 t7,5
t7,4 t7,6 t7,2
]
and RˆS is the 26 dimensional quotient ring.
We will prove the theorem using obstruction calculus. To do this we need
to know what the possible local deformations of each chart may look like.
Let Zn = A(En) and recall that S is covered by Ui ' Zν({i}).
Index the vertices of En cyclically by 1, 2, . . . , n, all addition is done mod-
ulo n, so that the edges of En are {i, i + 1}. The Stanley-Reisner ideal of
Zn for n ≥ 4 is In = ({yiyj : |j − i| ≥ 2}) in k[y1, . . . , yn].
The infinite dimensional T 1Zn is computed in e.g. [AC04]. If n ≥ 5 a
basis may be represented by φ(k)i , k ≥ 1, which map yi−1yi+1 7→ yki and all
other generators of the ideal to 0. If n = 4 then in addition we have 2 basis
elements, both with two names, φ(0)2 = φ
(0)
4 which maps y1y3 7→ 1, y2y4 7→ 0
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and φ(0)1 = φ
(0)
3 which maps y2y4 7→ 1, y1y3 7→ 0. Finally if n = 3 we have
the basis φ(k)i : y1y2y3 7→ yk+1i , k ≥ 0 and additionally φ(−1)1 = φ(−1)2 = φ(−1)3
mapping y1y2y3 7→ 1. We will denote the dual coordinate functions in the
symmetric algebra Sym(T 1Zn) by t
(k)
i .
For n = 3, 4, 5, 6 we will define a normal form for a deformation of Zn.
These will consist of a k-algebraRn which is a quotient of the infinite dimen-
sional algebra of formal power series k[[t(k)i ]], by a finitely generated ideal
an and a finite set of equations In ⊂ k[y1, . . . , yn][[t(k)i ]]/an.
E3 (Hypersurface): Define the algebra R3 := k[[t(k)i ]] for i = 1, 2, 3 and
k ≥ −1. Let Ti =
∑∞
k=1 t
(k)
i y
k
i and u = t
(−1)
1 = t
(−1)
2 = t
(−1)
3 . The one
equation
y1y2y3 + u+ y1(t
(0)
1 + T1) + y2(t
(0)
2 + T2) + y3(t
(0)
3 + T3)
is all that is in I3.
E4 (Complete intersection): Define the algebra R4 := k[[t(k)i ]] for i =
1, 2, 3, 4 and k ≥ 0. Let Ti =
∑∞
k=1 t
(k)
i y
k−1
i , u = t
(0)
2 = t
(0)
4 and v =
t
(0)
1 = t
(0)
3 . The two equations
y1y3 + u+ y2T2 + y4T4
y2y4 + v + y1T1 + y3T3
make up I4.
E5 (Pfaffian): Define the algebra R5 := k[[t(k)i ]] for i = 1, . . . , 5 and k ≥ 1.
Let Ti =
∑∞
k=1 t
(k)
i y
k−1
i . The five equations
yi−1yi+1 + yiTi − Ti−2Ti+2
for i = 1, . . . , 5 make up I5.
E6 (First obstructed case): Let a6 be the ideal generated by the 2×2 minors
of
(6.2)
[
t
(1)
1 t
(1)
3 t
(1)
5
t
(1)
4 t
(1)
6 t
(1)
2
]
.
Define the algebra R6 := k[[t(k)i ]]/a6 for i = 1, . . . , 6 and k ≥ 1. Let si =∑∞
k=2 t
(k)
i y
k−2
i and S =
∏6
i=1 si. Let p(x) be a power series solution of the
functional equation
xp(x)4 = p(x) + 1
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and set f = p(S) and e = f/(f + 2). The six equations
yi−1yi+1 + (t
(1)
i + siyi)yi
+ si+3(e2t
(1)
i−2t
(1)
i+2 + efsi+2t
(1)
i−2yi+2 + eft
(1)
i+2si−2yi−2)
− si−2si+2(et(1)i+3 + fsi+3yi+3)2
+ e2f2si−2si−1si+1si+2si+3(t
(1)
i )
2
for i = 1, . . . , 6 and the three equations
yiyi+3 + et
(1)
i+1t
(1)
i+2 + et
(1)
i+2si+1yi+1 + et
(1)
i+1si+2yi+2 + fsi+1si+2yi+1yi+2
+ et(1)i−2si−1yi−1 + et
(1)
i−1si−2yi−2 + fsi−1si−2yi−1yi−2
− e2f2si−2si−1si+1si+2t(1)i t(1)i+3
for i = 1, 2, 3 make up I6. (See [Ste98, 4.3] for a description of a similar
family.)
Proposition 6.6. For any k-algebra homomorphism Rn → A, for n =
3, 4, 5, 6, where A is an artinian local k-algebra and almost all t(k)i 7→ 0, the
image of In in A[y1, . . . , yn] defines a deformation Z → Spec(A) of Zn.
Proof. We must prove that the relations among the generators of IZn in
k[y1, . . . , yn] lift over Rn to relations among the elements in In. This is
trivially true for n = 3, 4 and easily checked for n = 5. We will now prove
it for n = 6.
To shorten notation set ti = t
(1)
i . Let Fi,j be the equation in I6 lifting yiyj .
The dihedral group D6 acts on everything by permuting indices. The action
is generated by e.g. the cycle (1, 2, 3, 4, 5, 6) and the reflection (2, 6)(3, 5).
In particular it acts on I6
There are 16 generators of the relation module for IZ6 and they split into
two D6 orbits; the orbits of y5(y1y3) − y1(y3y5) and y6(y1y3) − y1(y3y6).
Using the D6 symmetry it is enough to give liftings of these 2 relations and
one checks that the following two expressions are such liftings:
(y5 + ef3s2s3s4s1s6t5)F1,3 − (y1 + ef3s2s3s4s5s6t1)F3,5
+ s4s6(eft5 + f2s5y5)F4,6 − s2s6(eft1 + f2s1y1)F2,6
− (et4 + fs4y4)F1,4 + (et2 + fs2y2)F2,5
y6F1,3 + ef2s2s3s4s5t4F2,4 − (eft2 + f2s2y2)s3s4s5F3,5
− efs4s5t6F4,6 + et4s5F1,5 − (ef−1t2 + s2y2)F2,6
+ s4(et5 + fs5y5)F1,4 − y1F3,6 .
These equations and relations were originally conjectured after using Maple
to lift equations and relations to degree 19. 
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Definition 6.7. An infinitesimal deformation Z → Spec(A) of Zn is in
normal form if it is induced in the above sense by (Rn, In), i.e. there exists
a k-algebra homomorphism Rn → A where almost all t(k)i 7→ 0 and IZ ⊂
A[y1, . . . , yn] is generated by the image of In.
Proof of Theorem 6.4. We will construct by induction Cartesian diagrams
of deformations of S
(6.3)
Xn −−−−→ Xn+1y y
SpecRn −−−−→ SpecRn+1
where the Rn are local artinian quotients of PS with Rn ' Rn+1/mn+1, m
is the maximal ideal of PˆS , and Rˆ = limRn is as in the theorem. Set first
R0 = k and R1 = PS/m2. Thus the Kodaira-Spencer map will be surjective
and the constructed formal deformation will be versal.
In fact we claim there exists a sequence of deformations 6.3 with the
properties;
(i) For each vertex {i} there exists normal forms
ψ
(n)
i : Rν({i}) → Rn
lifting ψ(n−1)i and such that the deformation
Spec Γ(Ui,OXn)→ SpecRn
of Zν({i}) is induced as in Proposition 6.6 by ψ
(n)
i .
(ii) Set g(n)ij = ψ
(n)
i (t
(1)
j ) for all i where ν({i}) = 6, {j} ∈ lk({i}) and
let G(n) be the set of these polynomials lifted to PS . Then if aG(n)
is as in 6.1 we have Rn+1 ' PS/(aG(n) +mn+2).
We start with the first-order case n = 1. For each Ui we exhibit the map
Rν({i}) → R1 in Table 2. (With the convention when ν = 4 that t(0)j and t(0)k
(also ui,j and ui,k) are the same variable when j and k are opposite vertices
in lk({i}).) Note that g(1)i,j = ψ(1)i (t(1)j ) = ti,j .
Assume we have the deformations up to Rn. We must exhibit Xn+1 and
the ψ(n+1)i satisfying property (i) for the Rn+1 defined by property (ii). The
ideal aG(n) contains the images of the local obstruction equations 6.2 for
each valency 6 vertex. Thus each ψ(n)i lifts to ψ
′
i : Rν({i}) → Rn+1.
Let (Ui,O′i) → SpecRn+1 be the induced normal form deformation of
each chart. The difference between the deformations (Uij ,O′i) and (Uij ,O′j)
gives an element of T 1Uij . We know that H
1(T 1S ) = 0 (Theorem 5.5), so we
may adjust these local deformations to make the difference 0. Explicitly we
may proceed as follows.
Recall that Uij = Ui∩Uj = ∅ if {i, j} is not an edge. Assume that {i, j} is
an edge and that lk({i, j}) = {{k}, {l}}. In the local coordinates of (Ui,OS)
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Valency Rν({i}) → R1
ν({i}) = 3 t(−1) 7→ vi
t
(0)
j 7→ vi,j , t(1)j 7→ tij for each vertex {j} ∈ lk({i})
t
(2)
j 7→ vj,i, t(3)j 7→ vj if {j} ∈ lk({i}) and ν({j}) = 3
t
(2)
j 7→ uj,i if {j} ∈ lk({i}) and ν({j}) = 4
ν({i}) = 4 t(0)j 7→ ui,j , t(1)j 7→ tij for each vertex {j} ∈ lk({i})
t
(2)
j 7→ vj,i, t(3)j 7→ vj if {j} ∈ lk({i}) and ν({j}) = 3
t
(2)
j 7→ uj,i if {j} ∈ lk({i}) and ν({j}) = 4
ν({i}) = 5, 6 t(1)j 7→ tij for each vertex {j} ∈ lk({i})
t
(2)
j 7→ vj,i, t(3)j 7→ vj if {j} ∈ lk({i}) and ν({j}) = 3
t
(2)
j 7→ uj,i if {j} ∈ lk({i}) and ν({j}) = 4
Table 2. The first-order normal form for each Ui.
we may write
Γ(Uij ,OS) = k[yk, yl, yj , y−1j ]/(ykyl)
where yj = xj/xi etc.. Thus we may represent the difference, i.e. the element
of T 1Uij , as
ykyl 7→
∑
α
aαijy
α
j
with a(α)ij ∈ mn+1/mn+2.
If α ≥ 2 change ψ′i(t(α)j ) to ψ′i(t(α)j ) − a(α)ij . If α ≤ 0 change ψ′j(t(α)i ) to
ψ′j(t
(α)
i ) + a
(α)
ij . If α = 1 we are free to adjust ψ
′
i(t
(1
j ) or ψ
′
j(t
(1)
i ) or both.
Do this arbitrarily unless one of the vertices, say {i}, has valency 6 and the
other not. In this case adjust ψj by adding a
(1)
ij to the value of t
(1)
i .
Set ψ(n+1)i to be the result after making these adjustments for all edges
{i, j} and let (Ui,O(n+1)i ) → SpecRn+1 be the new induced normal form
deformation of each chart. The adjustments entail that for each Uij we
have isomorphisms φij : O(n+1)i |Uij → O(n+1)j |Uij . The next obstruction is in
H2(ES) = 0 (Theorem 6.1). This means we may have to adjust the φij , but
not the O(n+1)i , and therefore not the normal form. We may now glue over
these isomorphisms to make Xn+1 with the wanted properties. 
From Theorem 3.1 and the remark after it we get
Corollary 6.8. There exists G as in Theorem 6.4 and a local k-algebra R
with completion Rˆ = RˆG such that SpecR is a versal base space for DefaS.
In particular if all gij = tij in G then R = (PS/aS)m.
An interesting set of examples comes about if we ask for all valencies for
vertices of K to equal 6. This is known as a degree 6 regular triangulation.
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If n is the number vertices, then the the f -vector must be (n, 3n, 2n). In
particular the Euler characteristic of K is 0 so |K| is a torus or a Klein bottle
and S is either a degenerate abelian or bielliptic surface.
There are many such triangulations, see [BK] for a classification for tori
and [DU05] for many examples. Certain such triangulations where used to
study degenerations of abelian surfaces in [GP98]. We describe here just one
series for the torus which includes the vertex-minimal triangulation when
n = 7.
Example 6.9. On n vertices {0, . . . , n − 1} we list the the 2n faces (all
addition is done modulo n):
{i, i+ 2, i+ 3} {i, i+ 1, i+ 3} 0 ≤ i ≤ n− 1 .
Note that lk({i}) is the hexagon with vertices {i+2, i+3, i+1, i−2, i−3, i−1}.
This is the series Tn,1,2 in [DU05].
It turns out that for such a triangulation we may choose all gi,j = ti,j in
the description of the versal base space.
Theorem 6.10. If K is a degree 6 regular triangulation of the torus or
the Klein bottle and R = (k[ti,j : {i, j}an edge in K]/aS)m then SpecR is a
versal base space for DefaS.
Proof. We keep the notation from the proof of Theorem 6.4. All Ui ' Z6
and only the edges in K contribute to H0(T 1). Consider the equations in
the normal form for a deformation of Z6 with all sj = 0;
yj−1yj+1 + t
(1)
j yj j = 1, . . . , 6
yjyj+3 − t(1)j+1t(1)j+2 j = 1, 2, 3 .
For each Ui we get a deformation in this normal form over the completion
Rˆ from the map ψi : R6 → Rˆ, ψi(t(1)j ) = tij for each each vertex {j} ∈
lk({i}). (Again we use the convention that the indices for E6 are the indices
of the vertices in lk({i}) in cyclic order.) Let (Ui,Oi) → Specf Rˆ be the
corresponding family.
We claim that we may construct a formal deformation
Xn −−−−→ Xn+1y y
Spec Rˆ/mn+1 −−−−→ Spec Rˆ/mn+2
with Spec Γ(Ui,OXn) = Oi/mn+1Oi for all n ≥ 2, i.e. at no level is it
necessary to adjust the ψi. Let y
(i)
j = xj/xi be local coordinates for (Ui,OS).
Assume that {i, j} is an edge and that lk({i, j}) = {{k}, {l}}. We may write
Γ(Uij ,Oi/mn+1Oi) = Rˆ/mn+1[y(i)k , y(i)l , y(i)j , (y(i)j )−1]/(y(i)k y(i)l + tijy(i)j )
Γ(Uij ,Oj/mn+1Oj) = Rˆ/mn+1[y(j)k , y(jl , y(j)i , (y(j)i )−1]/(y(j)k y(j)l + tijy(j)i ) .
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Clearly φij defined by y
(i)
k 7→ y(j)k /y(j)i , y(i)l 7→ y(j)l /y(j)i and y(i)j 7→ 1/y(j)i
is an isomorphism. If {i, j, k} is a face in K one checks that the cocycle
condition φjkφij = φik is satisfied on Uijk.
Thus we have constructed a formal versal deformation over Rˆ and may
invoke Corollary 6.8 to get the statement in the theorem. 
Remark. The family constructed in the proof is only formal as one can see
by trying to make sense of the gluing isomorphisms over Uijk if {i, j, k} is
not a face. The line bundle OS(1) lifts trivially over each power of m so each
Xr is embedded via y
(i)
j = xj/xi in PnR/mr+1 , but the equations defining Xr
are perturbed at each step.
Example 6.11. If K is one of the complexes in Example 6.9 then aS is
generated by the minors of[
ti,i+1 ti,i+2 ti,i−3
ti,i−1 ti,i−2 ti,i+3
]
, i = 0, . . . n− 1 .
If n = 7, i.e. we have the vertex-minimal triangulation of the torus then the
versal deformation has a very interesting structure involving a 6-dimensional
reflexive polytope and a Calabi-Yau 3-fold with Euler number 6. This will
be studied in [Chr].
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